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McMullen Zhang $F$ Coxeter
$X$ $T\triangleleft$ Aut(X)
Aut (X) $=\langle F\rangle\ltimes T$
([6, 12] ). $T$
1.1 $T$ : $T=$ {idx}
( 4.4 ).
2 Coxeter
Coxeter [1, 3, 4]
$S$ $W$ :
$W=\langle s\in S|(st)^{m_{st}}=1(s, t\in S)\rangle.$
$m_{st}\in \mathbb{N}\cup\{\infty\}$ $m_{ss}=1(s\in S)$ $2\leq m_{st}=m_{ts}\leq\infty(s\neq t\in S)$
$(W, S)$ Coxeter $W$ Coxeter $W$
rank$W:=\# S$ Coxeter $(W, S)$ Coxeter $\Gamma$
Coxeter $\Gamma$ $S$ $m_{st}\geq 3$
2 $s\neq t\in S$ $m_{st}\geq 4$ $m_{st}$
Coxeter $w\in W$ $w=s_{1}\cdots s_{r},$ $(s_{i}\in S)$ $r\geq 0$ $w$
( $S$ ) $\ell(w)=\ell_{S}(w)$ $r=\ell(w)$ $w=s_{1}\cdots$ s $w$
$S=\{s_{1}, \ldots, s_{N}\}$ $w_{0}=s_{1}\cdots s_{N}$ Coxeter
Coxeter $(W, S)$ $S$ $I\subset S$ $W_{I}\subset W$ $I$
$W_{I}$ $W$ $w\in W_{I}$
$\ell_{I}(w)=\ell_{S}(w)$ $I\subset S$ $w\in W$ $wW_{I}w^{-1}$
$W$ $Z\subset W$ $Z$
Pc$(Z)$ $Z$ Pc $(Z)$
$W$ $I\subset S$ $w\in W$ $Pc(Z)=wW_{I}w^{-1}$
([4,8] ).
Coxeter $W$ $w\in W$ Pc$(w)=W$
2.1 ([7]) Coxeter Coxeter $W$
$n\in \mathbb{Z}\geq 1$ $w\in W$ $w^{n}\in W$
Coxeter $W$ $D_{I}$ :
$D_{I}:=\{w\in W|\ell(ws)>\ell(w) (s\in I)\}.$
2.2 ([11]) $Z\subset W$ $I\subset S$ $w\in D_{I}$ $Pc(Z)=$
$wW_{I}w^{-1}$
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Coxeter $(W, S)$ $S$ $\Pi:=\{\alpha_{s}|s\in S\}$
$V=\oplus_{s\in S}\mathbb{R}\alpha_{s}$ $\alpha_{s}\in\Pi$ $V$
$(,$ $)$
$( \alpha_{s},\alpha_{t})=-\cos\frac{\pi}{m_{st}}$
$s\in S$ $s$ : $Varrow V,$ $x\mapsto x-2(x, \alpha_{S})\alpha_{S}$
$Warrow GL(V)$ $Warrow GL(V)$ $(W, S)$
$w\in W$ $x,$ $y\in V$
$(w(x), w(y))=(x, y)$
2.3 ([5]) Coxeter $W$ $w\in W$ $\lambda(w)>1$ $\lambda(w)$ $w$ :
$Varrow V$ $\lambda(w)\geq\lambda(w_{0})\geq\lambda_{Lehmer}$ $w_{0}$
$W$ Coxeter $\lambda_{Lehmer}\approx 1.176$ Lehmer $t^{10}+t^{9}-t^{7}-t^{6}-t^{5}-t^{4}-t^{3}+t+1=0$
Coxeter $(W, S)$ )x– $\vdash$ $\Phi:=\{w(\alpha_{S})|w\in W, s\in S\}$ $\Phi$
$\vdash$ $\alpha=w(\alpha_{S})\in\Phi$ $r_{\alpha}$ : $Varrow V,$ $x\mapsto x-2(x, \alpha)\alpha$
$r_{\alpha}=wsw^{-1}$ $\Phi^{+}:=\{\alpha=\sum_{s\in S}c_{S}\alpha_{s}|c_{s}\geq 0(s\in S)\}$
$\vdash$ $\Phi^{-};=\{\alpha=\sum_{s\in S}c_{S}\alpha_{s}|c_{S}\leq 0(s\in S)\}$
$\Phi=\Phi^{+}\sqcup\Phi^{-}$ $I\subset S$ $\Phi_{I}:=\{w(\alpha_{S})|w\in W_{I}, s\in I\}$
$I\subset S$ $w\in W$ $w\Phi_{I}$
$I\subset S$ $\Phi_{I}^{\pm}:=\Phi_{I}\cap\Phi^{\pm}$ $w\in W$
$\Phi(w)$ $:=\{\alpha\in\Phi^{+}|w(\alpha)\in\Phi^{-}\}$ $|\Phi(w)|=\ell(w)$
$w\in W_{I}$ $\Phi(w)\subset\Phi_{I}^{+}$ $w\Phi(w)\subset\Phi_{I}^{-}$
2.4 ([11]) $z\in D_{I}$ $\alpha\in\Phi_{I}$ $z(\alpha)\in\Phi^{+}$
$\alpha\in\Phi_{I}^{+}$
2.5 ([11]) Coxeter $g\in W$
$V=N_{g}\oplus N_{g}^{c}.$





1 $F\in$ Aut $(X, Y)$ [10]
$X$
$\pi:X=X_{N}arrow X_{N-1}arrow^{1}\pi_{N}\pi_{N-}\ldotsarrow^{1}\pi X_{0}=\mathbb{P}^{2}$ (1)
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1: $(W_{N}, S_{N})$ Coxeter $\Gamma_{N}$
1 $x_{i}\in X_{i-1}$ $\pi_{i}:X_{i}arrow X_{i-1}$ $N\geq 10$
$C=\pi(Y)$ $\pi$




(1) $H^{2}(X;\mathbb{Z})\cong$ Pic $(X)=\mathbb{Z}[H]\oplus \mathbb{Z}[E_{1}]\oplus\cdots\oplus \mathbb{Z}[E_{N}]$
$H$ $\mathbb{P}^{2}$ $\pi$ $x_{i}$
$H^{2}(X;\mathbb{Z})$ :
$\{\begin{array}{ll}([H], [H])=1 ([E_{i}], [E_{j}])=-\delta_{i,j} (i,j=1, \ldots, N)([H], [E_{i}])=0 (i=1, \ldots, N) ,\end{array}$
$\delta_{i,j}$ Kronecker $[Y] \sim-K_{X}=3[H]-\sum_{i=1}^{N}[E_{i}]$
$F$ : $Xarrow X$ $F^{*}$ : $H^{2}(X;\mathbb{Z})arrow H^{2}(X;\mathbb{Z})$
$F^{*}$ Lorentz Weyl
Lorentz $\mathbb{Z}^{1,N}$ Lorentz :
$\mathbb{Z}^{1,N}=\bigoplus_{i=0}^{N}\mathbb{Z}\cdot e_{i},$ $(e_{i}, e_{j})=\{\begin{array}{ll}1 (i=j=0)-1 (i=j=1, \ldots, N)0 (i\neq j) .\end{array}$
$N\geq 3$ $S_{N}:=(s_{i})_{i=0}^{N1}$ $W_{N}\subset O(\mathbb{Z}^{1,N})$ Weyl
$s_{i}:\mathbb{Z}^{1,N}arrow \mathbb{Z}^{1,N}$
$s_{i}(x)=x+(x, \alpha_{i})\cdot\alpha_{i},$ $\alpha_{i}:=\{\begin{array}{ll}e_{0}-e_{1}-e_{2}-e_{3} (i=0)e_{i}-e_{i+1} (i=1, \ldots, N-1)\end{array}$
$(W_{N}, S_{N})$ $N$ Coxeter Coxeter $\Gamma_{N}$ 1
$(W_{N}, S_{N})$ $N\geq 9$ $W_{N}$
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$w$ $F$ ([6] ).
$\mathbb{P}^{2}$
$f$ $f(C)$ $:=\overline{f(C\backslash I(f))}=C$ $I(f)\subset c*$
$\mathcal{B}(C)$ $\mathcal{B}(C)$ $\mathcal{Q}(C)$ ,
$\mathcal{B}(C)$ $\mathcal{L}(C)$ $I(f)$ $f$
$f\in \mathcal{B}(C)$ $c*\cong \mathbb{C}$ $\delta(f)\in \mathbb{C}^{\cross}$ $c(f)\in \mathbb{C}$
$f|c*:\mathbb{C}\ni t\mapsto\delta(f)\cdot t+c(f)\in \mathbb{C}$
$\delta(f)$
3.1 ([9]) $d\in \mathbb{C}^{\cross}$ $\delta(f)=d$ $f\in \mathcal{L}(C)$
$\delta(f)=1$ $f\in \mathcal{L}(C)$ $f=id_{\mathbb{P}^{2}}$
Coxeter $(W_{N}, S_{N})$ $\alpha\in\Phi^{+}$
$\alpha$ $m_{i}\in \mathbb{Z}_{\geq 0}$ $\alpha=m_{0}e_{0}-\sum_{i=1}^{N}$ miei ([2] ).
$\alpha$ $\deg(\alpha):=m_{0}$ $\deg(\alpha)=0$ $i<i$
$\alpha=e_{i}-e_{j}$ $\deg(\alpha)=1$ $i,$ $j,$ $k\in\{1, \ldots, N\}$ $\alpha=e_{0}-e_{i}-e_{j}-e_{k}$
Coxeter $(W_{N}, S_{N})$ $\alpha\in\Phi$ $X$ $D$ $\phi(\alpha)=[D]\in$
$H^{2}(X;\mathbb{Z})$ $(X, \phi)$ Lorentz
$\mathbb{C}^{1,N}=\mathbb{Z}^{1,N}\otimes z\mathbb{C}$ $\xi$ $t_{i}=(\xi, e_{i}-e_{0}/3)$ (1)
$\pi=\pi_{\xi}$ : $X=X_{\xi}arrow \mathbb{P}^{2}$ $x_{i}$
$\pi_{1}\circ\cdots 0\pi_{i-1}(x_{i})=p(t_{i})$ $x_{i}\in(\pi_{1}0\cdots\circ\pi_{i-1})^{-1}(C)$
$\nu$ : $X_{1}arrow X_{2}$ $X_{2}$ $D$ $v^{-1}(D)$ $D$ $\nu$
$\phi=\phi_{\pi}$ : $\mathbb{Z}^{1,N}arrow H^{2}(X;\mathbb{Z})$ $\pi$
$\alpha=m_{0}e_{0}-\sum_{i=1}^{N}m_{i}e_{i}\in\Phi^{+}$ $(X, \phi)$
$m_{0}=\deg(D_{0})$ $m_{i}=\mu_{x_{i}}$ (Do), $(1\leq i\leq N)$ $\mathbb{P}^{2}$ $D_{0}$
$\deg(D_{0})$ $D_{0}$ $\mu_{x_{i}}(D_{0})$ $(\pi_{1}0\cdots 0\pi_{i-1})^{-1}$ (Do) $x_{i}$
$D_{0}$ $\phi(\alpha)=[D]$ $X$ $D$ $D=\pi^{-1}$ (Do)
3.2 ([11]) $\alpha\in\Phi^{+}$ $(\alpha, \xi)=0$ $\alpha$ $(X, \phi)$
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$F\in$ Aut $(X, Y)$ $\mathbb{P}^{2}$ $\delta(F)$ 1
$w$ $F$ $W_{N}$ $\delta(F)$ $w$
$\pi=\pi_{\xi}$ : $Xarrow \mathbb{P}^{2}$ $\delta(F)$ $\xi$ ([10] ).
$w$ :
$\chi_{w}(t) :=\det(tI-w)=R_{w}(t)S_{w}(t)$ .
$R_{w}(t)$ $S_{w}(t)$ Salem $S\in \mathbb{Z}[t]$
Salem :(1)
$\delta>1$ $S(\delta)=S(\delta^{-1})=0,$ (2) $\delta^{\pm 1}$ $S$ 1
$\delta(F)$ $S_{w}(t)=0$ Lorentz
$\mathbb{R}^{1,N}:=\mathbb{Z}^{1,N}\otimes_{\mathbb{Z}}\mathbb{R}=V_{w}\oplus$
$w|_{V_{w}}$ $w|_{V_{w}^{c}}$ $S_{w}(t)$ $(t)$ $V_{w}^{c}$
$1\leq r<N$ $(1, r)$ $(0, N-r)$ Salem
$S_{w}(t)=0$ $d$ $v_{d}\in \mathbb{C}^{1,N}$ $w$ $d$ (
$)$ $v_{d}$
$v_{d}\in \mathbb{Z}^{1,N}\otimes_{\mathbb{Z}}$ $\mathbb{Z}$
3.3 Lorentz $z\in \mathbb{Z}^{1,N}$ $(z, v_{d})=0$ $z\in V_{w}^{c}$ $\mathbb{Z}^{1,N}$
$(z, v_{d})=0$ $(z, v_{d})$ $\in \mathbb{Z}$ $S_{w}(t)=0$ $x$ $(z, v_{x})=0$
$z\in V_{w}^{c}$
$\square$
3.4 $\alpha$ $\Phi\cap V_{w}^{c}$ $\alpha$
$\alpha\in\Phi^{+}$
$\alpha\in\Phi^{+}$
$V_{w}^{c}$ 3.3 $\Phi^{+}\subset \mathbb{Z}^{1,N}$ $(\alpha, v_{d})=0$ (1)
$c\in \mathbb{C}^{x}$
$\pi=\pi_{c\cdot v_{d}}$ : $Xarrow \mathbb{P}^{2}$ $(\alpha, c\cdot v_{d})=0$
3.2 $\alpha$ $(X, \phi)$ $\alpha\in\Phi^{-}$ $\alpha$
4
1.1 $X$ $Y$
$\delta(F)$ 1 $F\in$ Aut$(X, Y)$
$d:=\delta(F)$ $S_{w}(t)=0$ $w\in W_{N}$ $F$




$F\in$ Aut(X) $F(Y)$ $F(Y)=Y$ ,
$F\in$ Aut $(X, Y)$
4.2 ([10]) $d$ $w$ $v_{d}\in \mathbb{Z}^{1,N}\otimes_{\mathbb{Z}}$ $\mathbb{Z}$
$G\in$ Aut $(X, Y)$ $g(v_{d})=\delta(G)v_{d}$ $g\in W_{N}$
$G$ $\delta(G)$ $\in \mathbb{Z}$
$X$ $G\in$ Aut(X) $=$ Aut $(X, Y)$ $g\in W_{N}$ $G$
4.2 $g(v_{d})=\delta(G)v_{d}$ $\eta(g)\in \mathbb{C}$
$g(v_{\lambda})=\eta(g)v_{\lambda}$ $\lambda=\lambda(w)>1$ $w$ : $\mathbb{Z}^{1,N}arrow \mathbb{Z}^{1,N}$
$v_{\lambda}\in \mathbb{Z}^{1,N}\otimes_{\mathbb{Z}}\mathbb{Z}[\lambda]\subset \mathbb{R}^{1,N}$ $v_{\lambda}^{2}=0$ $g$ $\{z\in \mathbb{R}^{1,N}|z^{2}>0\}$
$\eta(g)>0$ $\eta$ :Aut $(X)arrow \mathbb{R}_{>0},$ $\eta(G):=\eta(g)$
$\eta(F)=\lambda(w)>1$ $\eta(G)>1$ $\eta(G)=\lambda(g)>1$
4.3 ([11, 12]) Fo $\in$ Aut(X) ${\rm Im}(\eta)=\{\eta(F_{0})^{n}|n\in \mathbb{Z}\}\cong \mathbb{Z}$
1.1 $\eta$ $G\in Ker(\eta)\subset$ Aut(X) $g\in W_{N}$ $G$
$G$ $\eta(G)=\eta(g)=1$ , $g(v_{\lambda})=v_{\lambda}$ $S_{w}(t)=0$
$x$ $g(v_{x})=v_{x}$ $g|_{V_{w}}=id_{V_{w}}$ , $V_{w}\subset N_{g}$
$N_{g}$ 2.5 $V_{w}^{c}$ $g$
$I\subset S$ $z\in D_{I}$ Pc$(g)=zW_{I}z^{-1}$
$go\in W_{I}$ $g$ $g=zg_{0}z^{-1}$ ( 2.2 ). $go\neq 1$ ,
$|\Phi(g_{0})|=\ell(g_{0})\geq 1$ $\alpha\in\Phi(g_{0})\subset\Phi_{I}^{+}$ 2.4
$z(\alpha)\in\Phi^{+}$ $g(z(\alpha))\in\Phi^{-}$ 2.5 $z(\alpha)\in N_{g}^{c}$ $g(z(\alpha))\in N_{g}^{c}$
$N_{g}^{c}$ $V_{w}^{c}$ 3.4 $z(\alpha)$
$g(z(\alpha))$ $\phi(z(\alpha))$ $G^{*}\phi(z(\alpha))=\phi(g(z(\alpha)))$
$g(z(\alpha))$ $g_{0}=1$
$g=1$ $G$ $\mathbb{P}^{2}$ $\overline{g}:=\pi oGo\pi^{-1}$ -g $C$
$\overline{g}\in \mathcal{L}(C)$ $g$ $g(v_{d})=v_{d}$ $\delta(G)=\delta(\overline{g})=1$
3.1 $\overline{g}=id_{\mathbb{P}^{2}}$ $G=id_{X}$ , Aut(X) $=\langle F_{0}\rangle\cong \mathbb{Z}$
1.1
4.4 1.1 $F$ Coxeter $X$
Aut(X) $=\langle F\rangle$
$w$ Coxeter $n\in \mathbb{Z}$ $F=F_{0^{n}},$
$w=w_{0}^{n}$ $\lambda(w)=\lambda(w_{0})$ $w_{0}$
2.1 $w$ $w_{0}$ 2.3 $\lambda(w_{0})\geq\lambda(w)>1$ $|n|=1$
Aut(X) $=\langle F\rangle$ 4.4
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